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We study weak gravitational lensing around a compact object with arbitrary quadrupole moment
in the presence of plasma. The studied compact objects are considered to be spherically symmetric.
The additional parameter  regulating the quadrupole moment in the metric alters the deflection
angle of light rays along with the plasma parameters. In the vacuum, the number of images due to
the presence of the parameter  increases and causes the increase of the magnification of the image
source. The effects of uniform and nonuniform plasma on gravitational lensing around the compact
object are also studied.
I. INTRODUCTION
Gravitational lensing is one of the distinguishable fea-
tures of the general relativistic theory of gravity. Light
propagating near a compact object will be deflected due
to gravitational effects (for the review, see e.g. [1–3]). On
the other hand, almost all gravitational lensing objects
are surrounded by plasma and the interstellar medium.
For astrophysical applications, it is thus very important
and interesting to study the impact of plasma on grav-
itational lensing. The effect of uniform and nonuniform
plasma on light propagation near compact gravitational
objects have been considered by various authors [4–16].
Another optical property related to light propagation is
the shadow of black holes and other compact objects, and
it has also been considered in the literature [17–48].
Microlensing, or weak gravitational lensing, is one of
the most attractive types of lensing. When one considers
microlensing, it is very important to note that the images
of the sources are optically unresolved. However, the
effect can be observed due to the magnification of the
brightness of the radiating object.
First studies on microlensing have been reported, for
instance, in [49–53]. For a review on gravitational lensing
in general relativity, see [54]. At the same time, strong
gravitational lensing around spherically symmetric com-
pact objects is described in [55]. The work [55] has been
dedicated to studying the angular sizes and magnifica-
tion factors for relativistic rings formed by the photons
undergoing one or several turns around a black hole. The
plasma effects on gravitational lensing have been studied,
e.g., in [56–63].
Astrophysical black holes are described mainly by their
mass and rotation parameter expressed by the Kerr so-
lution. However, axial symmetric black holes, in prin-
ciple, can have more parameters. For example, many
authors have studied the possibility of testing rotating
∗ Corresponding author: bambi@fudan.edu.cn
black holes with non-vanishing electric charge [64–70],
black holes with brane charge [71–75], black holes with
gravitomagnetic charge [76–82], and deformation param-
eters of parametrized axial symmetric metrics [83–87].
One of the possible deviations from the Kerr solution
has been proposed by Glampedakis and Babak [88] using
an approximate solution of Einstein vacuum equations
and adding the leading order deviation which appears in
the value of the spacetime quadrupole moment. Different
physical properties of these quasi-Kerr black holes have
been studied in [89, 90].
In this paper, we consider the weak gravitational lens-
ing near a spherically symmetric compact objects with
arbitrary quadrupole moment. We also consider the pres-
ence of plasma around the lensing object and study both
the deformation parameter and the plasma characteris-
tics on photon motion, lensing effect, and image source
magnification.
The paper is organised as follows. The light propaga-
tion in this spacetime in the presence of plasma and the
weak lensing effect around quasi-Kerr black holes are con-
sidered in Sect. II. The magnification of the image source
due to weak lensing is considered in Sect. III. We con-
clude our results in Sect. IV. In Appendix A, we briefly
review the quasi-Kerr metric. In the present paper, we
adopt a metric with signature (−,+,+,+) and we em-
ploy a system of geometric units in which G = 1 = c.
Greek indices run from 1 to 3. Latin indices run from 0
to 3.
II. WEAK LENSING IN THE PRESENCE OF
PLASMA
For our calculations, we consider an approximation of
the metric (A5) which is described in the Appendix A.
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2A. Expression for deflection angle
In this subsection, we investigate the effect of a plasma
on the deflection of light around a compact object, which
is an approximated solution in the weak field limit. For
that purpose, we consider the non-rotating case (a = 0).
For the calculation of the deflection angle in an inhomo-
geneous plasma in the presence of gravity, we follow the
derivation in [1, 56–60].
A non-vanishing quadrupole moment will give rise to
some deviations from spherical symmetry but we employ
the conditions θ = pi/2, a = 0, and the weak-field ap-
proximation. Under these approximations, we consider
the metric to be spherically symmetric. We write the
line element (A5) as
gik = ηik + hik, |hik|  1. (1)
Here, ηik is the flat spacetime metric and hiks’ are small
perturbations. For the contravariant components, we
have [56, 91]
gik = ηik − hik, ηik = ηik, hik = hik. (2)
We consider a static and inhomogeneous plasma in this
gravitational field whose refractive index is given by
n2 = 1− ω
2
p
ω2
, ω2p =
4pie2N(xα)
m
= KeN(x
α), (3)
where ω is the frequency of the photon, which depends
on the space coordinates xα, and N(xα) is the electron
density in the inhomogeneous plasma. e and m are the
electronic charge and mass, respectively, and ωp is the
plasma frequency.
The trajectories of light rays in plasma in the presence
of a gravitational field can be obtained from the equa-
tion [1]
W (xi, pi) =
1
2
[
gijpipj + ωp(x
α)2
]
= 0 . (4)
From (4) we obtain the following system of equations
for the space components xα and pα
dxα
dλ
= gαβpβ ,
dpα
dλ
= −1
2
gij,αpipj − (ω2p),α . (5)
Now, using the weak field approximation (1), the equa-
tion for the deflection angle is
αˆα =
1
2
∫ ∞
−∞
(
h33,α +
h00,α
1− (ω2p/ω2)
− KeN,α
ω2 − ω2p
)
dz (6)
Hereafter, we assume that the photons are moving along
the z direction (which coincides with the axis of symme-
try) and the impact parameter b is introduced for conve-
nience which remains constant in the null approximation
for photons moving along the axis z. The plasma has a
spherically symmetric distribution around the lens, with
concentration N = N(r). In the axially symmetric situ-
ation, the position of a photon can be characterized by
b and z, and the absolute value of the radius vector is
r =
√
x21 + x
2
2 + z
2 =
√
b2 + z2. Using this simplifica-
tions, the expression for the deflection angle becomes
αˆb =
1
2
∫ ∞
−∞
b
r
(
dh33
dr
+
1
1− (ω2p/ω2)
dh00
dr
− Ke
ω2 − ω2p
dN(r)
dr
)
. (7)
B. Calculation of the deflection angle
In this subsection, we calculate and study the depen-
dence of the deflection angle on various parameters of the
spacetime (A5) and of the plasma. For the non-rotating
case, in the weak field limit and in Cartesian frame the
components hiks’ can be expressed as
h00 =
2M
r
− 2M
2
r2
− M
3
r3
, (8)
hαβ =
(
2M
r
− 2M
2
r2
− M
3
r3
)
sαsβ , (9)
h33 =
(
2M
r
− 2M
2
r2
− M
3
r3
)
cos2 θ (10)
Here sα is the unit vector in the direction of the radius
vector rα, and its components are equal to the direction
cosines. The angle θ is the angle between rα = r
α and
the z axis. Since s3 = cos θ = z/r = z/
√
b2 + z2, the
component of h33 will have the form
h33 =
(
2M
r
− 2M
2
r2
− M
3
r3
)
z2
b2 + z2
. (11)
Let us consider a plasma with an electron density that
decreases as a function of distance, such that [4, 5, 13, 14]
ω2p = KeN(r) . (12)
Now, using Eqs. (8) and (11), we rewrite Eq. (7) in the
following form
αˆb =
1
2
∫ ∞
−∞
b
r
[
d
dr
((
2M
r
− 2M
2
r2
− M
3
r3
)
z2
b2 + z2
)
+
ω2
ω2 − ω2p
d
dr
(
2M
r
− 2M
2
r2
− M
3
r3
)
− Ke
ω2 − ω2p
d
dr
N(r)
]
dz .
(13)
Considering the special case when ω2p/ω
2  1, we can
get information on the physical meaning of each term in
3Eq. (13). We obtain,
αˆb = −4M
b
+
3piM2
b2
+
16M3
3b3
+
1
2
∫ ∞
−∞
b
r
ω2p
ω2
d
dr
(
2M
r
− 2M
2
r2
− M
3
r3
)
dz
− 1
2
∫ ∞
−∞
b
r
Ke
ω2
(
1 +
ω2p
ω2
) d
dr
N(r)dz .
(14)
In Eq. (14), the first term corresponds to the vacuum
gravitational deflection. The second and third term cor-
responds to the correction in the gravitational deflection
due to a possible non-zero quadrupole moment. The
third term in Eq. (14) corresponds to an additive correc-
tion to the gravitational deflection due to the presence of
plasma; note that this term is present in the expression
for the deflection angle in the case of both homogeneous
and inhomogeneous plasma and depends on the photon
frequency as well (due to dispersion). The fourth term
on the right-hand side of Eq. (14) is a correction to the
third term and is a pure effect of the inhomogeneity of
the plasma environment. Fig. 1 shows the dependence
of the deflection angle on the impact parameter com-
pared to the deflection in the Schwarzschild limit. We
observe that in the presence of uniform and non-uniform
plasma distributions, there is a significant change in the
deflection angle. Particularly, the presence of plasma in-
creases the deflection of the light even if it has a uniform
distribution. From Fig. 1 one can also see that the in-
homogeneity of the plasma adds some extra contribution
to the change of the deflection angle. Fig. 2 shows the
dependence of deflection angle on the quadrupole correc-
tion parameter for the fixed value of impact parameter
b. From this dependence, one can see that the change
of the deflection angle with respect to the parameter  is
small in comparison to the changes due to the plasma.
However, if we fix the plasma parameters, we can observe
that for the increase of the module of negative values of
 the deflection angle increases.
III. LENS EQUATION AND MAGNIFICATION
In this section, we shall calculate the magnification of
the source brightness using the formula for the deflection
angle. Firstly, we shall consider the vacuum case, i.e.
without the influence of plasma. Later we shall observe
the plasma effects in the magnification.
We simply consider the quadrupole correction param-
eter  in the deflection angle equation. We consider the
well known lens equation [1, 2, 59]
θDs = βDs + αDls . (15)
where β is the angle of the source from the observer-lens
axis, θ is the angle of the apparent image of the source
due to lensing with the deflection angle α, Ds and Dls are
the distances from the observer to the source and from
the lens to the source, respectively [58].
The impact parameter b and the angle θ are related
by the relation b = Dlθ. Here Dl is the distance of the
lens from the observer. Introducing the quantity F (θ) =
|αb|b = |αb(θ)|Dlθ, we write Eq. (15) as
β = θ − Dls
Ds
F (θ)
Dl
1
θ
. (16)
Eq. (16) gives us the position of the image of the source
due to lensing. For β = 0, we get the Einstein angle θ0
and it corresponds to the case when the observer, the
lens and the object are in the same straight line. The
Einstein ring is given by the equation R0 = Dlθ0. Usu-
ally, the Einstein angle is too small to be resolved by
modern telescopes. However, the lensing effects by some
astrophysical objects like a star or a stellar-mass black
hole can be detectable because of the change in apparent
brightness of the source (magnification) by non-vanishing
quadupole moments and presence of plasma in the vicin-
ity of the object. The magnification of the image bright-
ness can be calculated from the formula
µΣ =
Itot
I∗
=
∑
k
∣∣∣∣(θkβ
)(
dθk
dβ
)∣∣∣∣ k = 1, 2, ..., s (17)
where s is the number of images, Itot and I∗ represent the
total brightness of the images and the unlensed bright-
ness of the source, respectively, and k refers to the num-
ber of images.
A. Magnification without plasma
Let us now consider the magnification of a non-rotating
compact object without the presence of plasma. Ignor-
ing the contribution from plasma, we write the deflection
angle as
αˆb = −4M
b
+
3piM2
b2
+
16M3
3b3
. (18)
Using Eq. (14), we write Eq. (17) as
β = θ − 1
θ
[
4M
(
1− 3piM
4Dlθ
− 4M
2
3D2l θ
2
)]
Dls
DlDs
. (19)
Now using the notations
θ2E = 4M
Dls
DlDs
, θF =
3piM
4Dl
θ2E , θG =
4M2
3D2l
θ2E (20)
we can write (19) as
θ4 − βθ3 − θ2Eθ2 + θF θ + θG = 0 . (21)
The solutions of the lens equation (21) give the positions
θ of the appeared images of the object due to the presence
of the lens. θE in Eq. (21) is called the Einstein angle
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FIG. 1. The dashed line corresponds to deflection for non-uniform plasma with power-law electron density N(r) = N0/r
3.
The electron density at the radial coordinate r = 3M is set at 10−4 cm−3. The dotted line corresponds to a uniform plasma
distribution with the electron density 1.3·10−4 cm−3. In all cases, the photon frequency is 4·1010 Hz. The solid line corresponds
to deflection without plasma and quadrupole correction (Schwarzschild limit).
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FIG. 2. The dashed line corresponds to deflection for non-
uniform plasma with power-law electron density N(r) =
N0/r
3. The electron density at the radial coordinate r = 3M
is set at 10−4 cm−3. The dotted line corresponds to a uniform
plasma distribution with the electron density 1.3 ·10−4 cm−3.
The photon frequency is always 4 · 1010 Hz. The solid line
corresponds to deflection without plasma.
for the Schwarzschild case and it sets the characteristic
scale of lensing in the system.
Now we try to solve Eq. (21) to find the position of the
images and subsequently we shall find the magnification
by Eq. (17). Eq. (21) has four distinct roots and these
roots correspond to four different images. Using the so-
lution for the lens equation, we write the magnification
as,
µΣ =
∑
k
∣∣∣ (θk
β
)(
dθk
dβ
) ∣∣∣ (22)
Now, the total magnification of the image source due to
weak lensing in the non-rotating case can be represented
as
µtot = µ
(1)
+ + µ
(1)
− + µ
(2)
+ + µ
(2)
− , (23)
where µ
(1)
± s’ correspond to the first order magnification
and in the limiting case, when  = 0, they take the form
of the Schwarzschild black hole case. µ
(2)
± corresponds to
the second order magnification and tends to vanish when
 = 0. We plot the total magnifications in Fig. 3 for
β = 0.01 and β = 0.1. We observe that the change in the
magnification is small, varying  for both β = 0.1 and
β = 0.01. So it is extremely difficult to differentiate the
effect of  on magnification observationally. But one can
observe the number of images produced by the lensing
system, which can suggest a possible modification due
to quadrupolar correction. Gravitational lensing system
with four images have been reported in [92, 93]. Other
observations with highly magnified image has been re-
ported in [94].
B. Magnification with Uniform Plasma
Distribution
In this subsection, we shall consider the image magnifi-
cation by a non-rotating compact object in the presence
of uniform plasma. Assuming ωp/ω = 0.5 in Eq. (14),
the deflection angle becomes
αˆb = −51M
6b
+
13piM2
4b2
+
35M3
6b3
. (24)
With this deflection angle, the lens equation becomes
θ4 − βθ3 − θ2Hθ2 + θIθ + θJ = 0 , (25)
where
θ2H =
51M
6
ξ, θI =
13piM2
4Dl
ξ, θG =
35M3
6D2l
ξ. (26)
and
ξ =
Dls
DlDs
(27)
Even in this case, there will be four images and the ex-
pression for magnification can be written as
µΣ =
∑
k
∣∣∣ (θk
β
)(
dθk
dβ
) ∣∣∣ (28)
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FIG. 3. The solid lines correspond to the total magnification under the effects of quarupole correction parameter 
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FIG. 4. The solid lines correspond to the total magnification under the effects of quarupole correction parameter .
We solve the polynomial equation (25) for θk and ex-
press the magnification as
µtot = µ
(1)
+ + µ
(1)
− + µ
(2)
+ + µ
(2)
− (29)
Here µ
(1)
± s’ correspond to the first order magnifications
and in the limiting case, when  = 0, they take the form
of the Schwarzschild black hole case. The term µ
(2)
± cor-
responds to the second order magnification with the ef-
fects of plasma and quadruple correction parameter. In
Fig. 4, we show the total magnification as a function
of the quadruple correction parameter for β = 0.1 (left
panel) and β = 0.01 (right panel). Similarly, in this case,
we can see a change in the magnification by varying .
C. Magnification with Non-Uniform Plasma
Distribution
For Magnification of image by a non-rotating compact
object in non-uniform plasma, we consider a plasma dis-
tribution of the form in Eq. (12). But for comparison we
consider a power-law distribution of the form
N(r) =
N0
rh
, (30)
where, h > 0. For numerical comparison we take h = 3.
Assuming k = keN0 = 1 as an arbitrary constant,
deflection angles takes the form
αˆb = −8M
b
+
3piM2
b2
+
2
ω2b3
+
16piM3
3b3
+
32M2
15ω2b5
− 3piM
8ω2b4
+
45piM3
96ω2b6
+
15pi
32ω4b6
.
(31)
Using the Eq. (31) the lens equation can be rewritten as
θ7 − βθ6 −Aθ5 +Bθ4
+ Cθ3 −Dθ2 + Fθ +G = 0 , (32)
were A, B, C, D, F, and G, depends upon , M and the
distances involved in the lensing system. The existence
of real roots, for the particular values of the parameter ,
non-uniform plasma distribution can produce seven dif-
ferent images of the lensed object, and the corresponding
magnification of the source image brightness.
IV. CONCLUSION
In this paper, we have studied weak gravitational lens-
ing around a compact object with arbitrary quadrupole
6moment in the presence of both uniform and nonuniform
plasma. The results obtained here can be listed as fol-
lows:
i) We presented the description of light propaga-
tion in homogeneous and non-homogeneous plasma
media around compact object with arbitrary
quadrupole moment in the weak field approxima-
tion.
ii) We studied the dependence of the deflection an-
gle in weak gravitational lensing on the quadrupole
correction parameter  encoded in the quasi-Kerr
metric. We found that the presence of plasma can
significantly modify the deflection angle but the ef-
fect of  is small. We found the linear term con-
tributing to the deflection angle due to the new
parameter .
iii) We also studied the observable quantity magnifica-
tion µ. We found that the effect of  on the mag-
nification is not significant, but that of plasma is.
However, the presence of the new parameter causes
the appearance of additional images of the source
and contributes to the magnification of brightness.
iv) In all the cases we considered non-homogeneous
plasma with power-law distribution. This has a
significant impact on the deflection angle and the
lens equation becomes a seventh order polynomial.
Such lensing systems can produce up to seven im-
ages of the source.
As the next step of our study, we plan to consider
the strong lensing effect around a quasi-Kerr black hole
surrounded by plasma. We also plan to get the forms of
the shadow cast this object and study the effects of the
plasma on the change of its shape.
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Appendix A: Quasi-Kerr spacetime
A rotating quasi-Kerr compact object with arbitrary
quadrupole moment was proposed by Glampedakis and
Babak [88] with the help of the Hartle-Thorne spacetime.
This metric has three independent parameters, i.e. the
mass M , the spin parameter a, and the quadrupole cor-
rection parameter . The parameter  defines the devia-
tion of the quadruple moment from that of a Kerr black
hole. For the quasi-Kerr metric, the quadruple moment
is qKerr − M3, where qKerr = −J2/M . The quadruple
moment can be written as
Q = −M(a2 + M2) (A1)
The Kerr metric in Boyer-Lindquist coordinate is written
as
ds2K = −
(
1− 2Mr
Σ
)
dt2 −
(4Mar sin2 θ
Σ
)
dtdφ+
Σ
∆
dr2
+Σdθ2 +
(
r2 + a2 +
2Ma2r sin2 θ
Σ
)
dφ2 , (A2)
where
Σ ≡ r2 + a2 cos2 θ (A3)
∆ ≡ r2 − 2Mr + a2 . (A4)
The quadrupolar correction is introduced by choosing
a quadrupole moment of the form (A1) in the Hartle-
Thorne metric. Then, the quasi-Kerr metric gqKab in
Boyer-Lindquist coordinate is given by [88],
gqKab = g
K
ab + hab +O(δMl≥4, δSl≥3) , (A5)
where Ml and Sl are, respectively, the mass and the cur-
rent multipole moments of order l, where l ≥ 0 is the
angular integer eigenvalue. habs’ are given by
htt = (1− 2M/r)−1 [(1− 3 cos2 θ)F1(r)] , (A6)
hrr = (1− 2M/r) [(1− 3 cos2 θ)F1(r)] , (A7)
hθθ = − 1
r2
[
(1− 3 cos2 θ)F2(r)
]
, (A8)
hφφ = − 1
r2 sin2 θ
[
(1− 3 cos2 θ)F2(r)
]
, (A9)
htφ = 0 , (A10)
where the functions F1(r) and F2(r) have the following
form
F1 = −5(r −M)(2M
2 + 6Mr − 3r2)
8Mr(r − 2M)
−15r(r − 2M)
16M2
ln
(
r
r − 2M
)
, (A11)
F2 =
5(2M2 − 3Mr − 3r2)
8Mr
+
15(r2 − 2M2)
16M2
ln
(
r
r − 2M
)
. (A12)
Now the line element has the form
ds2 = g00dt
2 + g11dr
2 + g22dθ
2 + g33dφ
2
+2g03dtdφ (A13)
7where
g00 = −
(
1− 2Mr
Σ
)
+ (1− 3 cos2 θ)
×
(
F1 (1− 2Mr/Σ)2
1− 2M/r +
4a2F2M
2 sin2 θ
Σ2
)
,(A14)
g11 =
Σ
∆
+ 
F1(1− 2M/r)Σ2(1− 3 cos2 θ)
∆2
, (A15)
g22 = Σ− F2Σ
2(1− 3 cos2 θ)
r2
, (A16)
g33 =
(
r2 + a2 +
2a2Mr sin2 θ
Σ
)
sin2 θ
+(1− 3 cos2 θ) sin2 θ
[ 4a2F1M2r2
(1− 2M/r) Σ2
−F2
r2
(
r2 + a2 +
2a2Mr sin2 θ
Σ
)2 ]
, (A17)
g03 = −2aMr
Σ
sin2 θ + (1− 3 cos2 θ) sin2 θ
×
[
2aF1Mr (1− 2M/r)
(1− 2M/r) Σ
+
2aF2M
rΣ
(
r2 + a2 +
2a2Mr sin2 θ
Σ
)]
, (A18)
with Σ = r2 + a2 cos2 θ and ∆ = r2 − 2Mr + a2. Note
that the quasi-Kerr metric reduces to the Kerr one for
 = 0.
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